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1 Linear Grids

1.1 General Statements

Given

Rmin & Rmax

are the soft bounds of the range to be 
overed. The a
tual range

must in
lude them, but may be larger.

Ei

are the bin edges, with edges [Emin, Emax] 
overing the range

[Rmin, Rmax]

P
is the �du
ial alignment position

i
is the bin index, whose origin is de�ned su
h that E0 ≤ P ≤ E1,

with

i =

{

imin, Ei = Emin

imax, Ei = Emax

w
is the bin width;
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f
is the fra
tional o�set from the alignment position to the left

edge of the bin 
ontaining it, i.e., E0 = P − fw

n
is the number of bins

Here's what passes for general expressions for the minimum and maximum

bin values required to 
over the range.

Emin < Rmin

E0 + iminw < Rmin

E0 +

⌊

Rmin − E0

w

⌋

w < Rmin

P − fw +

⌊

Rmin − (P − fw)

w

⌋

w < Rmin

P +

(⌊

Rmin − P

w
+ f

⌋

− f

)

w < Rmin (1)

Similarly,

Emax > Rmax

E0 + imaxw > Rmax

E0 +

⌈

Rmax −E0

w

⌉

w > Rmax

P +

(⌈

Rmax − P

w
+ f

⌉

− f

)

w > Rmax (2)

Note that these use

imin =

⌊

Rmin − P

w
+ f

⌋

(3)

imax =

⌈

Rmax − P

w
+ f

⌉
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so imax − imin is not ne
essarily n. One must 
hoose either imax or imin as

the �du
ial index and 
al
ulate the other using n. The tri
ky part is that

the the expressions for imin and imax are integral, whi
h makes solving this

a bit di�
ult.

1.2 Aligned bins, Fixed w, variable n

Given: ∆, P , Rmax, Rmin, w.

E0 = P − fw

imin =

⌊

Rmin − E0

w

⌋

imax =

⌈

Rmax − E0

w

⌉

n = imax − imin + 1

1.3 Aligned bins, Fixed n, variable w

Given: ∆, P , Rmax, Rmin, n.

Wanted: minimum w ∋ w ≥ Rmin−Rmax

n

Be
ause Eqs. 1 and 2 are painful to solve, let's see if we 
an �gure things

out another way.

On
e we have a bin width su
h that bin edges [Emin, Emax] 
over our data
range, [Rmin, Rmax], attending to alignment with the �du
ial point P is a

simple translation of the bins. P 's position relative to its 
ontaining bin is

given by fw, so it's a periodi
 
ondition (it doesn't matter whi
h bin it's

in) and the maximum we need to translate is exa
tly one bin. Given n bins,

n−1 bins will 
over the data range, with the extra bin used to a

ommodate

the alignment shift, or

w =

{

Rmax−Rmin

n
no alignment

Rmax−Rmin

n−1
with alignment
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Is it optimal? Is there a smaller w whi
h allows for proper alignment? Why

bother?

Well, it'd be ni
e to have a �ni
e� value for w (say some exponent of 10, or

a rational number), rather than a random sequen
e of digits, so if we 
an

�nd a viable range for w there might be a �ni
e� value in that range.

Eqs. 3 present a problem, but we 
an simplify things if we restri
t w so that

they remain a 
onstant.

2 Ratio (geometri
 series) binning

R
A soft bound of the range to be 
overed. The a
tual range must

in
lude it, but may be larger. Only one soft bound is allowed.

E0

is the �du
ial bin edge, with

E0 =

{

Emin, w > 0

Emax, w < 0

En

is at the opposite extremum from the �du
ial bin edge, with

En =

{

Emax, w > 0

Emin, w < 0

∆R
is the a
tual range 
overed, En −E0

i
is the bin index, with

i =

{

imin, Ei = Emin

imax, Ei = Emax

Ei

are the bin edges, su
h that [Emin, Emax] 
overs the range, whi
h
may be either [Emin, R] or [R,Emax]
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w
is the width of the �du
ial bin, e.g. w = E1 − E0; w may be

negative, indi
ating that bin widths in
rease towards −∞

r
is the ratio of ea
h bin relative to its neighbor. r > 0, r 6= 1

n
is the number of bins

Geometri
ally binned grids follow the s
heme:

E1 = E0 + w

E2 = E1 + wr

E3 = E2 + wr2

· · ·

En = En−1 + wrn−1

= E0 +

n−1
∑

i=0

wri

For r 6= 1,
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(Ek −E0) =
k−1
∑

i=0

wri

r(Ek −E0) =
k−1
∑

i=0

wri+1

(Ek − E0)− r(Ek −E0) =

k−1
∑

i=0

wri −

k−1
∑

i=0

wri+1

(Ek −E0)(1− r) = w +

(

k−1
∑

i=1

wri −

k−2
∑

i=0

wri+1

)

− wrk

= w − wrk +

(

k−1
∑

i=1

wri −

k−1
∑

i=1

wri

)

= w(1− rk)

Ek = E0 + w
(1− rk)

(11− r)
(4)

r = 1 implies a linear grid, so we'll ignore it.

For |r| < 1,

E
∞

= E0 +
w

1− r
(5)

|∆Rmax| =

∣

∣

∣

∣

w

1− r

∣

∣

∣

∣

(6)

Given a range, [E0, En], what is n? From Eq. 4,
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(En − E0) = w
1− rn

1− r

∆R = w
1− rn

1− r
(1− r)∆R

w
= 1− rn

rn =
w − (1− r)∆R

w
(7)

n = ln

(

w − (1− r)∆R

w

)

/ ln(r)

If one of the extrema is soft, e.g.

∆R =

{

R−E0

En − R

Then

n(∆R) =

⌈

ln

(

w − (1− r)∆R

w

)

/ ln(r)

⌉

(8)

2.1 E0, w, r, n

This one is easy, generate the bin edges with Eq. 4. Just note that if w < 0
then the edges will be generated in de
reasing order, i.e., Ei+1 < Ei.

2.2 [Emin, R], w, r

The grid must 
over [Emin, R]. The sign of w indi
ates whether Emin is the

�du
ial bin edge:
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Emin ≡

{

En w < 0

E0 w > 0

If |r| < 1, it is possible that the pres
ribed grid 
annot 
over the range (

Eq. 5).

The number of bins, n, 
an be determined from Eq. 8. If Emin ≡ En,then
E0 may be determined from Eq. 4, whi
h in any 
ase provides the remaining

bin edges.

2.3 [R,Emax], w, r

Similar to the last se
tion, just note that

Emax ≡

{

E0 w < 0

En w > 0

2.4 E0, [Rmin, Rmax],w, r

If E0is not at one of the grid extrema, imin and imax 
an be determined from

Eq. 8, with

imin = n(Rmin − E0)− 1

imax = n(Rmax − E0)
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